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Abstract Recently, some researches indicate that positive feedback can beneﬁt the control if
appropriate time delay is intentionally introduced into control system. However, most work is
theoretical one but few are experimental. This paper presents theoretical and experimental studies
of delayed positive feedback control technique using a ﬂexible beam as research object. The positive
feedback weighting coeﬃcient is designed by using the optimal control method. The available time
delay is determined by analyzing the maximal real part of characteristic roots of the system. A
DSP-based experiment system is introduced. Simulation and experimental results indicate that
the delayed positive feedback control may eﬀectively reduce the beam vibration if time delay
is appropriately selected. c© 2011 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2.1106303]
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Studies of time delay in active structural control
can be divided into two classes: elimination and utiliza-
tion technologies. At ﬁrst, time delay was regarded as a
“bad” factor, so it needs to be compensated in control
design in order to eliminate its negative eﬀect on control
eﬃciency. So far some methods have been proposed to
handle time delay problem.1–7 On the other hand, some
recent studies have shown that voluntary introduction
of delay into control system can also beneﬁt the control.
Utilizing time delay to compose a delayed feedback con-
trol loop may be used to improve control performance
and system stability.8–14
In active structural control, positive feedback may
only enlarge system responses and deteriorate system
stability. This is the case that time delay is not involved
in the control path. If time delay is appropriately intro-
duced into the feedback control loop, positive feedback
is not necessarily bad for control eﬃciency, on the con-
trary it may lead to a better control result. Recently,
delayed positive feedback control has been getting many
researchers’ attention and some researches have been
done.15–19 Although so far some work was made on the
delayed positive feedback technique, the existing stud-
ies are on the theoretical basis and few eﬀorts were ever
made on the experiment.
This paper emphasizes an experimental study of the
delayed positive feedback control using a ﬂexible beam
as research object. The feasibility and eﬀectiveness of
the delayed positive feedback control are veriﬁed nu-
merically and experimentally. In this paper, we ﬁrstly
present the motion equation of ﬂexible beam. Then,
the weighting coeﬃcient of control feedback is designed
and the selection method of available time delay for bet-
ter control performance is described. After introducing
the experimental system, numerical and experimental
a)Corresponding author. Email: caigp@sjtu.edu.cn.
results are illustrated. Finally, concluding remarks are
given.
The transverse vibration of a ﬂexible cantilever
beam is studied in this paper, as shown in Fig. 1. The
beam has a constant cross-sectional area with every cen-
ter of inertia axis being in the same plane xoy. The
r1 piezoelectric (PZT) patches are used as actuators to
control the beam vibration. Using the orthogonality of
modal function and truncating the ﬁrst r1 modes of the
beam, we may obtain the i-th modal equation as
φ¨i(t) + 2ζiωiφ˙i(t) + ω
2
i φi(t)
=
r1∑
j=1
[Y ′i (x˜jb)− Y ′i (x˜ja)]Mj(t),
i = 1, 2, · · · , r1, (1)
where φi(t) is the i-th modal coordinates; ωi and ζi are
the natural frequency and modal damping ratio of the
i-th mode, respectively; x˜ja and x˜jb are the locations
of the j-th PZT actuator on the beam; Mj(t) is the
moment produced by the j-th PZT actuator. The nor-
malized modal function Yi(x) corresponding to the i−th
mode can be expressed as
Yi(x) = cosβix− coshβix+
γi(sinβix− sinhβix), i = 1, 2, · · · , r1, (2)
where
β1L¯ = 1.875,
β2L¯ = 4.694,
βiL¯ ≈ (i− 0.5)π, i ≥ 3,
(3)
γi = −cosβiL¯+ coshβiL¯
sinβiL¯+ sinhβiL¯
, (4)
where L¯ is the length of the beam.
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Fig. 1. Cantilever beam model.
The relationship between the applied external volt-
age V (t) and the moment M(t) of the PZT actuator is
given by6
M(t) =
12EbIbd31
tptb[6 + (Ebtb/Eptp)]
V (t), (5)
where Eb and Ep are the Young’s moduli of elasticity of
the beam and the PZT actuator, respectively; tb and tp
are the thicknesses of the beam and the PZT actuator,
respectively; Ib is the cross-sectional moment of inertia
about the neural axis of the beam; d31 is the strain
constant of the PZT actuator.
Considering the control of the ﬁrst r1 modes of the
beam, Eq. (1) can be expressed as a matrix form
Φ¨(t) +CΦ˙(t) +KΦ(t) =
r1∑
j=1
HjVj(t), (6)
where
Φ(t) = [φ1, φ2, · · · , φr1 ]T,
C = diag(2ζ1ω1, 2ζ2ω2, · · · , 2ζr1ωr1),
K = diag(ω21 , ω
2
2 , · · · , ω2r1)
Hj = Kz[Y
′
1(x˜jb)− Y ′1(x˜ja),
Y ′2(x˜jb)− Y ′2(x˜ja), · · · ,
Y ′r1(x˜jb)− Y ′r1(x˜ja)]T,
Kz =
12EbIbd31
tptb[6 + (Ebtb/Eptp)]
.
We ﬁrstly design a negative feedback controller us-
ing the classical optimal control method and then re-
move the negative sign to get a positive feedback con-
troller. By introducing time delay into the controller, a
delayed positive feedback controller is obtained.
In the state space representation, Eq. (6) becomes
Z˙(t) = A¯Z(t) + B¯V (t), (7)
where Z(t) =
[
Φ(t)
Φ˙(t)
]
, A¯ =
[
0 I
−K −C
]
, B¯ =
[B¯1, B¯2, · · · , B¯r1 ], B¯j =
[
0
Hj
]
, j = 1, 2, · · · , r1.
The time dependent quadratic objective function
J(t) is given by
J(t) =
∫ ∞
0
[ZT(t)Q¯1Z(t) + V
T(t)Q¯2V (t)]dt, (8)
where Q¯1 is a non-negative deﬁnite symmetric matrix
and Q¯2 is a positive deﬁnite symmetric matrix. The
optimal controller with no time delay can be determined
as
V (t) = −LZ(t),
L = Q¯−12 B¯
TS, (9)
where S is the solution of the following Riccati algebraic
equation
SA¯+ A¯TS − SB¯Q¯−12 B¯TS + Q¯1 = 0. (10)
Removing the negative sign in Eq. (9) and adding
time delay λj , we can write the delayed positive feed-
back controller as
V (t) = LZ(t− λj),
L = Q¯−12 B¯
TS. (11)
Substituting the delayed positive controller into
Eq. (6), we can write the ith modal equation as
φ¨i(t) + 2ζiωiφ˙i(t) + ω
2
i φi(t) =
r1∑
j=1
{Kz(Y ′i (x˜jb)− Y ′i (x˜ja)) ·
[Ljiφi(t− λj) + Lj(r1+i)φ˙i(t− λj)]} =
r1∑
j=1
[L˜jiφi(t− λj) + L˜j(r1+i)φ˙i(t− λj)], (12)
where Lji and Lj(r1+i) are the displacement and veloc-
ity feedback weighting coeﬃcients corresponding to the
i-th mode, respectively. The relationship between L˜ji,
L˜j(r1+i) and Lji, Lj(r1+i) in Eqs. (11) and (12) are L˜ji =
Kz(Y
′
i (x˜jb)− Y ′i (x˜ja))Lji and L˜j(r1+i) = Kz(Y ′i (x˜jb)−
Y ′i (x˜ja))Lj(r1+i), respectively. By the Laplace trans-
form, the characteristic equation of Eq. (12) may be
written as
P (s) = s2 + 2ζiωis+ ω
2
i −
r1∑
j=1
(
L˜jie
−sλj + s ·
L˜j(r1+i)e
−sλj), (13)
where s represents the characteristic roots when P (s)=0
is taken. Equation (13) is a transcendental equation
due to the existence of time delay, and the solution of
P (s) = 0 is inﬁnite. Deﬁne20
α0 = max[Re(s) : P (s) = 0], (14)
where Re(s) stands for the real part of s; α0 repre-
sents the maximal real part of all the characteristic
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Fig. 2. Flow chart of experiment system.
roots. From Ref. 20 we know that, for a given λj , if
α0 < 0, all the characteristic roots will have negative
real parts, so the delayed positive feedback controller
given by Eq. (11) can stabilize the system.
Equation (13) has no analytical solution, the char-
acteristic roots of Eq. (13) can be calculated numerically
by using the DDE-BIFTOOL toolbox in MATLAB.21
By checking the change of α0 varying with time delay,
the time delay available for positive feedback can be
determined.
The experimental system is structured based on the
digital signal processor (DSP) TMS320F2812. In the
experiment, foil gauge will be used as sensor to measure
the response of the beam. The DSP deals with the on-
line computation of controller in terms of the feedback
signal from the foil gauge to get the PZT voltage. Figure
2 shows the ﬂow chart of experimental system. The
detailed signal ﬂow and process are as follows:
(1) Feedback signal loop: the signal collected on the
foil gauge is ampliﬁed by the strain ampliﬁer and then
enters the analog to digital converter (ADC) module in
DSP.
(2) Control signal loop: the voltage signal goes
through the channel of digital to analog converter
(DAC) module into the PZT power ampliﬁer where it
gets ampliﬁed, and then it goes into the PZT actuator.
(3) The DSP communicates with the peripheral
computer via the serial communication interface (SCI)
module which transfers experimental data to the com-
puter to save and to render diagrams.
To demonstrate the feasibility and eﬀectiveness of
the delayed positive feedback controller, numerical sim-
ulations and experiments are carried out in this sec-
tion. Aluminum alloy beam is adopted as an experimen-
tal model, as shown in Fig. 3. The length, width and
thickness of the beam are 0.9m, 0.035m and 0.001 5m,
respectively. Material properties of the beam are as
follows: Young’s modulus of elasticity is 69GPa, Pois-
son’s ratio is 0.32 and density is 2.766×103 kg/m3. The
ﬁrst two natural frequencies of the beam determined by
experiment are 1.494 7Hz and 9.367 9Hz, respectively,
and the ﬁrst two damping ratio are 0.012 and 0.005 5
respectively.
In the experiment, one PZT patch is used as actua-
tor for controlling the ﬁrst mode of the beam. The PZT
patch is installed near the root of the beam and its lo-
cation on the beam is x˜1a = 0.082m and x˜1b = 0.142m.
Fig. 3. Photo of experiment beam.
The length, width and thickness of the PZT patch are
0.06m, 0.015m and 0.000 5m, respectively. The PZT
material parameters are as follows: Young’s modulus of
elasticity is 63GPa, Poisson’s ratio is 0.35 and piezo-
electric strain constant is 1.75× 10−10m/V. In the ex-
periment, a foil gauge is used as sensor for measuring
strain value of the beam, so the relationship between
displacement curvature and bending strain of the beam
can be described as
y(x, t) =
2
tb
Y1(x)(Y
′′
1 (xˆ1))
−1ε(xˆ1, t), (15)
where y and tb are the transverse displacement and the
thickness of the beam, respectively; xˆ1 is the coordinate
of the foil gauge on the beam. Since the maximum
strain value of the ﬁrst modal vibration of the beam lies
at the ﬁxed end of the beam, the sensor is stuck near this
position and its location on the beam is xˆ1 = 0.037m.
In active controller, both displacement and velocity
(namely the state of system) are required to be used in
control feedback. However, velocity signal (also called
diﬀerential signal) cannot be measured directly from
sensors in practice. It should be estimated from physi-
cal sensor measurements. Here we adopt the tracking-
diﬀerentiator given in Ref. 22 to estimate the diﬀerential
signal. Chen et al.7 ever adopted this diﬀerentiator for
a plate experiment and veriﬁed its eﬀectiveness.
Assume that the free end of the beam has an initial
displacement 0.04m and initial velocity is zero. Under
this condition, the beam will behave with a free vibra-
tion. Since the ﬁrst-order mode of the beam is to be
controlled, the ﬁrst-order mode control equation can be
written as
φ¨1(t) + 2ζ1ω1φ˙1(t) + ω
2
1φ1(t)
= L˜11φ1(t− λ1) + L˜12φ˙1(t− λ1), (16)
where L˜11φ1(t−λ1) and L˜12φ˙1(t−λ1) are the displace-
ment and velocity feedback terms, respectively. From
Eq. (12), we have L˜11 = Kz(Y
′
1(x˜1b)− Y ′1(x˜1a))L11 and
L˜12 = Kz(Y
′
1(x˜1b) − Y ′1(x˜1a))L12, where L11 and L12
are displacement and velocity feedback weighting coeﬃ-
cients, respectively. In experiments, the following three
cases are considered:
(1) Only the displacement feedback L˜11φ1(t−λ1) is
used for the beam, L˜12 = 0; the data sampling period is
chosen as T¯ = 0.01 s; the weighting matrices in Eq. (8)
are chosen as Q¯1 = diag([10
2, 1]) and Q¯2 = 2.504 3 ×
10−2.
(2) Only the velocity feedback L˜12φ˙1(t−λ1) is used,
L˜11 = 0; T¯ = 0.001 s; Q¯1 = diag([10, 1]), Q¯2 = 4.576×
10−1.
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Fig. 4. Maximal real part of the characteristic roots varying
with time delay.
(3) Both L˜11φ1(t− λ1) and L˜12φ˙1(t− λ1) are used;
T¯ = 0.001 s; Q¯1 = diag([10, 1]), Q¯2 = 4.576× 10−1.
Figures 4(a), 4(b) and 4(c) are the changing curves
of the maximal real-part of the characteristic roots vary-
ing with time delay for the above three cases, respec-
tively, where the shaded parts represent stable areas of
the system and the time delay chosen in these areas is
available for positive feedback. Only by using displace-
ment feedback for the beam, Figs. 5-7 show the simu-
lation and experimental results of the tip response of
the beam and the applied voltage of the PZT actuator
when λ1 = 0.14, 0.46 and 0.76 s are taken, respectively.
We can observe from these ﬁgures that, since λ1 = 0.14
and 0.76 s are both in stable areas, the delayed positive
feedback can obtain better controll eﬀectiveness, while
λ1 = 0.46 s results in the degradation of controll eﬀec-
tiveness since it is in unstable area. Figures 8 and 9 are
the results when the velocity feedback is only used for
the beam. When displacement and velocity feedbacks
are both used, the results are displayed in Figs. 10 and
11. The same conclusions as those in Figs. 5-7 can be
drawn from Figs. 8-11. From the above results we can
observe that positive feedback can also beneﬁt the con-
trol when appropriate delay is introduced into the con-
trolled system. In all above ﬁgures, dashed line is with
control and dotted line is without control.
Delayed positive feedback control of a ﬂexible can-
tilever beam is studied both numerically and experimen-
tally in this paper. The optimal control method is used
to determine the weighting coeﬃcient of positive control
feedback. The available time delay for positive control
feedback is determined by analyzing the maximal real
part of the characteristic roots of the system. Numer-
ical and experimental results indicate that the delayed
positive feedback controller can eﬀectively reduce the
beam vibration if appropriate time delay is chosen.
Fig. 5. Tip displacement of the beam and applied voltage of
the actuator: displacement feedback, λ1 = 0.14 s.
Fig. 6. Tip displacement of the beam and applied voltage of
the actuator: displacement feedback, λ1 = 0.76 s.
Fig. 7. Tip displacement of the beam and applied voltage of
the actuator: displacement feedback, λ1 = 0.46 s.
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Fig. 8. Tip displacement of the beam and applied voltage of
the actuator: velocity feedback, λ1 = 0.26 s.
Fig. 9. Tip displacement of the beam and applied voltage of
the actuator: velocity feedback, λ1 = 0.008 s.
Fig. 10. Tip displacement of the beam and applied voltage
of the actuator: displacement and velocity feedbacks, λ1 =
0.26 s.
Fig. 11. Tip displacement of the beam and applied voltage
of the actuator: displacement and velocity feedbacks, λ1 =
0.008 s.
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